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1 Introduction
We refer to the book of Zhang [5] for general reference to the subject of cycle covers
of graphs. The central conjecture is due to Szekeres and Seymour and reads: Every
bridgeless graph has a cycle double cover.
Note that in Zhang’s terminology a circuit is a 2-regular connected graph and a cycle
is a graph such that the degree of each vertex is even.
The Petersen graph plays a special role in this problem, like in many problems. Alspach,
Goddijn and Zhang [1] proved that every bridgeless graph containing no subdivision
of the Petersen graph has a cycle double cover, see Paragraph 6.5 of Zhang’s book.
Another theorem that should be mentioned is about the structure of a minimum counter
example to the cycle double cover conjecture, and reads: If G is a minimum counterex-
ample, then
1. G is simple, 3-connected and cubic
2. G has no nontrivial 3-edge-cut
3. G is not 3-edge-colorable
Department of Mathematics, University of Hannover.
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4. G contains a subdivision of the Petersen graph
5. The girth of G is at least ten.
We will restrict ourselves therefore to graphs with (most of) these properties.
The simplest construction of a CDC (short for Cycle Double Cover) is that for planar
graphs. The circuits surrounding the mazes of a planar graph form a CDC, as each edge
is neighbouring precisely two mazes. This basic situation is now first complexified
by choosing a subset of these cycles and adding an arbitrary number of edges with
endvertices on the same circuit. The resulting cubic graph may contain many Petersen
graphs minors, but yet it is easy to construct a CDC for these Indonesian graphs. The
name is due to the fact that the mazes, to which edges are added, may be looked upon
as “islands” with roads from beach to beach, surrounded by a “sea” formed by the
unaffected mazes. Moreover, Indonesia is the home country of one of the authors.
The second class of graphs that we will consider consists of a set of k circuits, that are
connected by an arbitrary number of edges with endvertices on different circuits. These
graphs are called k-doughnuts. The name is inspired by the shape of a 2-doughnut, two
circuits connected by edges, see Figure 1.
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Figure 1: The Petersen graph as a 2-doughnut.
Again, these graphs may contain many Petersen graphs minors.
2 Indonesian graphs
The standard example of an Indonesian graph is given in Figure 2.
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Figure 2: An Indonesian graph.
One recognizes the islands Java, Sumatra, Borneo, Sulawesi, Bali and West and East
Irian (Papua New Guinea), that have a border in common.
The construction of a CDC is based on the following lemma.
Lemma 1 The edges that are added to a circuit as chords, divide the circuit into an
even number of paths.
Proof. Adding an edge creates two paths along the circuit. The result follows by
induction on the number of chords. 2
Consider a hamiltonian graph. It may be seen as an Indonesian graph with one island.
The construction method we will use comes forward in its basic form in the following
lemma.
Lemma 2 Hamiltonian graphs allow a CDC.
Proof. By construction. As we consider cubic graphs, there are chords of the hamilto-
nian circuit that, by Lemma 1 or by the fact that the number of vertices is even, divide
the circuit into an even number of paths (of length 1 in this simple case). Color these
paths alternatingly with colors x and y and give both colors x and y to the chords.
The edges with color x form cycles as do the edges with color y. Together these cycles
cover the chords twice and the edges of the circuit once. Together with the hamiltonian
circuit itself they form a CDC. 2
Note that this construction first gives a (1,2)-cover, in the sense that some edges, the
chords, are covered twice and the remaining edges, of the hamiltonian circuit, are
covered once. The following result is now immediate.
Theorem 3 All Indonesian graphs admit a CDC.
Proof. By construction. For each island, or part of an island, use Lemma 2 to construct
a (1,2)-cover in which the beach, or border, is covered once. Together with the circuits
surrounding the mazes, forming the sea, we obtain a CDC. 2
3
As an example we construct a CDC for the Petersen graph. First we draw it as an
Indonesian graph with one island, formed by a circuit of length 9, see Figure 3.
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Figure 3: The Petersen graph as an Indonesian graph.
The three chords determine six paths on the circuit, three of length 1 and three of length
2. Coloring them alternatingly with colors x and y, say color x to paths 9 − 1 − 2,
3−4−5, 5−6−7 and color y to paths 2−3, 4−5, 8−9 and giving both colors x and y
to the chords 2−6, 3−8, 5−9, we obtain circuits 1−2−6−7−8−3−4−5−9−1 and
2− 3− 8− 9− 5− 6− 2 that cover the chords twice and the edges of the circuit once.
Together with the circuits around the mazes, 1−2−3−4−10−1, 1−9−8−7−10−1
and 4− 5− 6− 7− 10− 4, we obtain a CDC. Clearly the same construction gives a
CDC for all hypohamiltonian graphs. Hence we have
Lemma 4 All hypohamiltonian graphs admit a CDC.
3 2-doughnuts, 3-doughnuts and 4-doughnuts
There are no cubic1-doughnuts, as the one circuit should then possess chords.
3.1 2-doughnuts
We now consider the 2-doughnuts, that can be distinguished into such for which both
main circuits are even and such for which both main circuits are odd.
If both circuits are even, the construction used for Indonesian graphs gives the CDC
immediately. Both circuits can be colored alternatingly with colors x and y. The
connecting edges are given both colors and we find a (1,2)-covering by circuits with
colors x and circuits with colors y. The edges of the main two circuits are covered
once and adding these two circuits gives the desired CDC.
If both main circuits are odd, the graph can be reduced in the following sense. Some of
the edges connecting the main circuits are deleted and the resulting vertices of degree
4
2 on the main circuits are removed by contraction of one of their neighbouring edges.
Deleting a set E of edges, gives us a 2-doughnut with two even circuits when j E j is
odd. We may chooseE so that j E j= 3. If the main circuits have length 3, the graph is
a three-sided prism P and there is no need to reduce. If the circuits have length at least
5, the reduced graph R is a 2-doughnut with two even circuits of length 2 or greater.
The three deleted edges and the two main circuits form a second graph. On contraction
of vertices of degree 2 we obtain the three-sided prism P.
We now construct a (1,2)-cover for R as before and combine that CDC with a (1,2)-
cover for the prism P , see Figure 4.
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Figure 4: Three-sided prism with a (1,2)-cover.
The circuits of the (1,2)-cover are 1−3−6−4−1, 3−2−5−6−3 and 2−1−4−5−2.
The combination of the two (1,2)-covers takes place by inverting the contractions in
case of R and inserting the vertices of R on the two circuits of length 3 of P according
to the structure of the graphs. The two sets of circuits of the two (1,2)-covers thus
obtained give the CDC for the original graph.This construction method, combining
two (1,2)-covers, will be used throughout Section 3.
Note that we reduced the problem by extracting the prism P with a structure that can
schematically be described by the structure
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3.2 3-doughnuts
In this case too there can only be two odd circuits. Again we try to reduce the graph
such that a 3-doughnut R with even circuits is obtained, next to a graph P that plays a
role analogous to the prism P considered in Section 3.1.
The graph P can be obtained by deleting an even number of edges from the edges be-
tween two circuits if this does not create a bridge in the remaining graph. The number
5
of edges between two of the three circuits is therefore at most 3. This considerably
limits the number of structures for P . These structures are given in Figure 5.
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Figure 5: Structures for the graph P.
Case a, three even circuits, can be dealt with by the standard procedure. P consists
of three single circuits to be added to the (1,2)-cover obtained for the graph R that is
identical with the original graph in this special case.
Case b, two odd circuits connected by three edges, can be dealt with as in Section 3.1.
The three connecting edges are covered twice and the one even main circuit is to be
added to obtain the full CDC. Note that P is not connected, like in case a.
Case c shows the problem that is arising in this approach. The four edges may be
attached in two different ways to the even circuit, see Figure 6, giving specializations.
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Figure 6: Two graphs P with the same structure.
In case c1 the graph P is planar and the circuits surrounding the mazes, but for the
main circuits themselves, give the desired (1,2)-cover.
In case c2 the circuits are 2− 3− 4− 5− 8− 9− 2, 1− 2− 9− 10− 6− 5− 8− 7− 1
and 3− 4− 6− 10− 7− 1− 3.
In case d a (1,2)-covers is easyly found too. By dealing with all specializations of all
possible structures for P we complete the construction.
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3.3 4-doughnuts
There may be 0, 2 or 4 odd circuits. Reduction now leads to one of fifteen structures
for P , given in Figure 7.
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Figure 7: Structures for P in the case of the 4-doughnut.
Again, for all these structures there may be different cases according to the way the
connecting edges are attached to the main circuits. In all cases (1,2)-covers can be
found by hand.
4 k-doughnuts with k  5. Further reductions
For k  5 the number of cases for P to be considered increases rapidly. A proof that k-
doughnuts admit a CDC consisting of two (1,2)-covers, by induction on the number of
edges, fails on those graphs isomorphic to a graph P that is irreducible. They consist of
k main circuits with, from the start, atmost three edges between a pair of main circuits
and no possibility to delete a pair of these edges without creating a bridge.
There are, however, other reduction techniques. First we may assume that the graphs
P have no 2-edge cut or a nontrivial 3-edge cut consisting of edges connecting main
circuits, as then there is a, standard, reduction of the following nature, see Figure 8.
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Figure 8: Reduction for 2-edge cuts and 3-edge cuts.
If the two resulting graphs have a (1,2)-cover these covers can be combined to a (1,2)-
cover for the original graphs. Note that in case of a 2-edge cut in first instance the
resulting new edges should not connect vertices of the same main circuit. Also note
that in case of a 3-edge cut, there is no reduction if one or both of the two graphs
resulting from the cut is itself a triangle.
When we allow the reduction for 2-edge cuts in case the new edges connect vertices
of the same circuits, we have to consider chords of main circuits as having the same
status as the edges connecting different circuits that have to be covered twice too.
Yet another reduction technique is a generalization of the technique to remove an even
number of edges between two circuits when no bridge is resulting. Suppose the edges
between circuits contain a subset that form a cycle, when the main circuits are con-
tracted, then these edges can be transferred to R too, if no bridge is resulting. As an
example, let the subset form a cycle that is a circuit, with contracted circuits as vertices,
then each of these main circuits loses two incident edges to R, enlarging the number
of vertices in these circuits by two. None of the irreducible cases for 4-doughnuts we
found with respect to the first reduction types, is reducible by this technique.
For 6-doughnuts we consider the example in Figure 9, where a subset of six edges has
been removed.
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Figure 9: Reduction by cycle deletion.
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To survey the impact of this reduction technique, we remark that a main circuit of
length 3 cannot have vertices incident with edges belonging to a cycle that can be used
for this reduction as one or more bridges would arise. The irreducible graphs, with
respect to this reduction technique, therefore have a structure in which the main circuits
of length greater than 3 occur according to a forest structure. More precisely, the graph
resulting from contracting these main circuits to vertices, and connecting these vertices
whenever there exist edges between the corresponding circuits, is a forest.
5 A relationship with the conjectures of Thomassen and
Sabidussi
Our investigation stopped with the 4-doughnuts and some considerations about irre-
ducible graphs in order to locate the essential difficulty for proving k-doughnuts to
have a CDC. In dealing with the general case for which we want to prove the CDC-
conjecture, cyclically 4-edge connected cubic graphs, we can proceed as follows. We
consider such a graph G and determine a circuit C. Then in G − V (C) we look for a
second circuit etc. until no further circuit can be found. We now replace vertices not
on any of the circuits by triangles and obtain a graph G. If G has a CDC then this
CDC determines a CDC for G as well, when contracting the edges of these triangles
again. G has circuits that may contain chords. Chords, however, may be taken up
into the reduced graph R that has only even circuits and consequently a (1,2)-cover.
The remaining graph P  is a k-doughnut for some k, with triangles where G had sin-
gle vertices. For Indonesian graphs the main circuits with chords, the roads, form the
reduced graph R and P is a planar graph.
A considerable reduction of the general problem occurs when Thomassen’s conjec-
ture; Every 4-connected line graph is hamiltonian [4], would be true. Fleischner and
Jackson [3] proved, for cyclically 4-edge connected cubic graphs, that this conjecture
is equivalent to; Every cyclically 4-edge connected cubic graphG has a circuit C such
thatG−V (C) is an independent set of vertices. The circuit C is thus dominating, and
the graph G, arising from G by replacing the single vertices, by triangles, consists of
the k-doughnut with C and these triangles as main circuits, with possibly chords in C.
As these chords can be taken into the reduced graph R, consisting of one circuit, the
remaining problem for the general CDC-problem would be to find a (1,2)-cover for the
k-doughnut given in Figure 10.
9
..
..
.
..
..
.
.
.
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
.....
............................................
...
...
.
.
.
.
.
..
..
..
..
..
..
..
...
.
..
.
.
.
.
.
..
..
..
..............................................
....
...
...
..
..
..
..
..
..
..
..
..
.
..
..
.
.
.
.
.
.
..
.
..
.
..
..
ss
r rr






J
J
J
ss
r rrJJJ 



ss
s
rr r

s s
s


rrr
QQ s s
sSSS
rrr
QQ
ss
s
S
S
Srr r
Figure 10: k-doughnut with k-1 triangles as final case.
It seems likely therefore that there are further reduction techniques to reduce the
graphs P considered in Section 4, but as this would imply that we could circumvent
Thomassen’s conjecture in our quest for constructions of CDC’s, they will probably
not be easy to find. By doubling the edges between the main circuits in Figure 10, the
problem is transformed into one of decomposing a eulerian trail into circuits satisfying
the constraint that double edges are not allowed in the same circuit. In fact one can also
contract the triangles and their incident edges. The remaining problem is solved when
the following conjecture of Sabidussi is true : Suppose the degree of an arbitrary
vertex of a graph G is 4 or 6. If C is a eulerian trail of G, then there is a circuit single
cover of G such that two consecitive edges are not contained in one of the circuits of F.
So, in our constructive approach to the cycle double cover conjecture we rediscover
that this conjecture can be proved by proving the two conjectures of Thomassen and
Sabidussi. This was already discovered by Fleischner [2].
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